The state-variable VCF should be pretty
well understood at this point, with the
possible exception of the function of the
Q control.
Comparing Fig. 2-49 with Fig.
2-59, and using the summer of Fig. 2-54,
we are able to identify the quantity Q
-3db Bandwidth
with the inverse of the feedback gain from
the bandpass output back to the input, and
this gain is R'/Sq, so the Q = Eq/R' . Thus
log-log plot
we can set the Q as desired by making RQ a
pot as shown. Note that Q is limited by
the maximum resistance of the pot. It
would also be good practice to add a
fc
u
resistor in series with RQ to set a minimum
value of Q. A value for this series resistor
of R'/2 might be a good choice, making Q take on values of 1/2 or greater. What is
the physical meaning of Q?
This is shown in Fig. 2-60 which shows the bandpass
response. If we graph the response and determine three frequencies, fc, f^, and fu,
(the center frequency, lower 3db frequency, and upper 3db frequency respectively)
then Q is equal to the center frequency divided fay the 3db bandwidth, thus:
(2-72,
Thus Q is a measure of the sharpness of the bandpass function. Note however that as
Q goes up past 1//2 = 0.7071... in the second-order case, the low-pass and high-pass
functions start to peak at the corners.
For a high enough Q, all three functions,
low-pass, bandpass, and high-pass are sharply peaked and look very much like the
bandpass function.
2.2c

THE FOUR-POLE LOW-PASS VCF:

We have seen with the state-variable how the numerator of the filter's transfer
function pretty much determines the basic filter function, and the the Q determines
the details of the behavior in the vicinity of center frequencies or cutoff
frequencies.
There is one more area to consider, and this is the final roll-off
rate. That is, in the area where the signal is being rejected, how fast is this
rejection changing with frequency?
This is where the number of poles will have a
major effect.

(2-73)
and thus we say that the second-order filter rolls off at 12 db per octave. We can
attribute this to the major term of the denominator at high frequency, which is the
s2 term in this case.
It is not difficult to show in a manner similar to that of
equation (2-73) that if the highest term in the denominator is sn, then the final or
"asymptotic" roll-off goes as 6ndb/octave. Put another way, in an octave distance
at high frequency, a single pole filter (s in the denominator) falls by a factor of
1/2, while a two pole filter (s2 in the denominator) falls fay a factor of 1/4, and
an n-pole filter (sn in the denominator) falls by a factor 1/2^.
A two-pole filter, falling by a factor of 1/4 per octave is adequate for many
purposes, but not all that spectacular.
Fixed frequency active filters of 4th,
6th, 8th, and even 10th order and higher are sometimes encountered. Thus we might
look for another approach other than the state-variable. In fact, a different
approach, the four-pole low-pass, actually came first, being the principal filter
used in the early Moog synthesizers. This filter, being four-pole, offers 24 db/
octave, or a factor of 1/16 drop in one octave.
Yet just getting four poles total
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is not the full story. We need also to consider how the filter behaves in the
passband region, and in particular, in the region of the corner.
We have actually already studies the first-order low-pass, an example of which
is seen in Fig. 2-47(a), and which has a transfer function as derived previously, or
which is also easily obtained letting C 1/sC, as:
(2-74)
for simplicity,

will normalize this, letting RC = 1,
1

(2-75)

We can then obtain a fourth-order low-pass by simply taking four such first-order
sections in series. [In practice, if we use Fig. 2-47(a), we need a buffer between
each section to assure that following sections do not load preceding ones.] Since
each of these sections acts independently, the fourth-order transfer function is just
the product of four first-order sections, thus the fourth power of T^(s):
(s)
SJ =

+ 6s2 + 4s + 1

(2-76)

At high frequencies, the s^ term will dominate, and we will have a 24db/octave
roll-off.
To understand how good, or how bad, this filter may be in the corner
region, we can compare it with the best possible four-pole low-pass response, which
we will take here to be represented by the Butterworth of "maximally flat" filter.
We will look at the corresponding pole positions in a moment, but for now, consider
the frequency response plots of Fig, 2-61. This plot is made on log-log paper,
which is usually used for filter plots, since final roll-off's become straight lines
on such plots.
There are a lot of curves plotted on this graph, so study it
carefully.
First look at the first-order, second-order, and fourth-order
Butterworth
filters. The first-order Butterworth is just the first-order low-pass
__
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since dnly one type of first-order filter is possible. The second-order Butterworth
is available as the Q = 1//2 second-order filter.
The fourth-order Butterworth is
also shown. The Butterworth filters represent the best corner that can be obtained
without getting some ripple in the passband. Note that all three Butterworth filters
pass through a response of 0.7071 at frequency = 1, and that increasing order
represents a better and hetter approximation to an ideal low-pass.
We can compare this with the four first-order low-pass sections in series, using
the fourth-order Butterworth as a standard.
We can see that the corner of the four
first-order poles is not very good. At frequency = 0.7 for example, the Butterworth
is still near its full passband value of 1, while the four first-order poles are down
to 0.45.
All the fourth-order filters however will eventually reach the same final
roll-off, and we can begin to see this in the figure.
Robert Moog selected the four cascaded (series) first-order sections for his VCF
in his early synthesizers, and realizing that the corner was not very sharp, he added
a feedback loop around the four, to achieve resonance and corner peaking. The
structure is shown in Fig. 2-62.
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Obtaining the transfer function of the four-pole with feedback is not difficult one
we realize that the transfer function of the four-pole, equation (2-76), is still
valid, except now for Vout/V. Thus we can write for V the following:
(2-77)
and since:
V

, = VV(H-s)4

(2-78)

' Tg(s) = vout(s)/vin<s):

T (s)

(2-79)

from which we easily find the poles at:
1/4

(2-81)

How g is a real number, perhaps negative, but it has as its fourth root not just one
value, but four, some or all of which may be complex numbers.
We are seeking a
number which when multiplied by itself four times, gives us g.
Consider for example
g = 1, in which case a fourth root could be 1, but it could also be -1 since (-l)t|= 1,
or it could be j since (j)u = 1 or -j since (-j)4 = 1. That's four numbers, which are
what we need.
However, it turns out that we will be interested mainly in negative
values of g, since these lead to the most interesting filter responses for the four2-41

pole. We thus need to find the fourth root of (-g), and we can simplify things a
bit by writing this as:

and the problem is transferred to one of finding the fourth root of (-1). This is a
standard exercise in complex variable theory, usually using the polar form of a
complex number. However, we can simply use a complex number in the form a 4- bj, and
thus we seek:
(a + bj)4 = a^ 4- 4a3bj - 6a2b2 -4ab3j + b4 = -1

(2-83)

which is possible only if the real and imaginary parts of both sides of (2-83) are:
(2-84)
(2-85)
Equation (2-85) yields a2 = b2, and plugging this back into (2-84) gives:
a = b = ±l//2

(2-86)

There are thus two possibilities for a and two possibilities for b, and therefore
four possible combinations of a and b, and these are the four roots we need.
These are shown in the plot of Fig. 2-63(a). We can now do two things at once to
save space. We will get BJ form equation (2-82), and then transform back to s
using s = S! - 1.
This gives us the poles we have been looking for all along:

P 1>2 = [Ur/^i-a * 3) p
j>^ = [[g|^7 /2]-(-l± j) - 1

(2-87)
(2-88)

Thus we get a simple multiplication by |g] 4 and a shift by -1, with pole positions
as in Fig. 2-63(b).
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Thus we get a reasonable idea of what happens when g becomes non-zero, going
negative. The poles split apart from their initial (g=0) superposition at s = -1
and move outward at the corners of a square, two approaching the ju-axis and two
moving away.
It is the two approaching the axis which will cause the corner
peaking.
Note that if g becomes large enough, the poles will reach the ju-axis
at ±j , and this value of g is obviously -4, since (4)-^=/2 which is the distance
from s = -1 to s = +j.
Thus at g = -4, the network will oscillate.
We are now in a position to examine the final two curves of Fig. 2-61, and to
look at pole plots in Fig. 2-64. The curve for g = -0.366 shown in Fig. 2-61 is
the best response from the four-pole with feedback that we can get without having
ripple in the pass band. Thus it is the best shot that Fig. 2-62 can take at its
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in Fig. 2-64. The top three plots show the Butterworth filters of first, second,
and fourth order.
The bottom three plots show the poles of the four-pole low-pass
for various values of feedback. Note the poles moving out on the corners of a square
from the point s = -1. Note that in general it is the two poles that move to the
right that have the most effect on the response, while the two moving left remain
around to have their effect for final roll-off at high frequency.
about the four-pole filter, but we have not
shown exactly how to form a voltage-controlled
first-order low-pass, of which we will need
four, plus a summer. Again we will find use
for the transconductor or OTA, and one of
several useful configurations is shown in
Fig. 2-65. Using the basic equation of the
OTA [equation (2-68)], we see that:

The op-amp forms a buffer (it has negative
feedback, and therefore the voltage at the (+) input equals the voltage at the (-)
input), and thus all the current Iout is forced through C, generating a voltage drop
of Iout(l/sC). Thus we also have:
(2-90)
Combining equations (2-89) and (2-90), we get:
(2-91)
where Re = 1/KIC, as in equation (2-71).

The difference between the configuration of Fig. 2-65 for the first-order
section and the transconductance controlled integrator (Fig. 2-58) should be studied.
Comparing Fig. 2-65 with Fig. 2-47(a), we can understand that the feedback from
Vout to the (-) input of the OTA is in effect the same as the capacitor of Fig. 2-47(a)
charging up, and thus reducing the current through the resistor. In Fig. 2-58 on the
other hand, the OTA always drives current into a fixed potential (ground in fact).
Another way to look at it is that the feedback provides the 1 in the denominator of
equation (2-91) for the first-order low-pass, which can be compared to the integrator
equation (2-70).
2.2d

NOTES AND REFERENCES:

The four-pole low-pass is one case of a class of filters called "polygon"
filters, where the term comes from the arrangement of the poles, as they are arranged
in a square for the four-pole.
For example, if two more sections were added to Fig.
2-62, the poles would move not on a square, but on a hexagon as g goes from zero to
negative values.
Some additional mention of more common active filter terminology is perhaps
appropriate.
Butterworth or maximally-flat filters are popular, and we have looked
at some by way of comparison in Fig. 2.61 and Fig. 2-64. Butterworth filters are
the absolute best we can do without getting passband ripple (which in the secondorder case is the same thing as corner peaking - see Fig. 2-52). To find Butterworth
poles, you need only know that they are equally spaced about a circle. You should
also take into account that they must be complex conjugates, and that they cannot
fall on the ju - axis, or be in the right half of the s-plane.
Given these facts,
you can easily arrive at the positioning of Fig. 2-64, or the positioning for higher
order Butterworth filters.
Filters with ripple in the passband are called
"Chebyshev" filters, and usually also denoted with the magnitude of the ripple in
decibels (e.g., a 2db second-order Chebyshev). For second-order, Chebyshev filters
have a Q greater than 1//2, and lie on the circle, as in Fig. 2-50, at angles
exceeding 45° away from the -a axis [compare with Fig. 2-64(b)].
The reader should perhaps be cautioned that the simple VCF structures using the
OTA such as those in Fig. 2-58 and Fig. 2-65 may be oversimplified.
In practical
cases, it may be necessary to use an attenuator on the inputs to maintain a safe
signal level and/or an acceptable level of linearity. Thus the appropriate
application notes for the OTA device or other source should be consulted. It is
also often necessary to DC offest at least one of the inputs of the OTA to compensate
for input offsets of the input stage, and so as to eliminate or reduce "control
feedthrough", which results from a multiplication of this offset by the controlling
signal.
As mentioned briefly in Section 1, 1.4a, a type of VCF that tends to vary its
slope rather than its cutoff frequency can be considered based on studies of
traditional acoustic instruments, and on performance evaluations.
These variableslope filters will not be considered here, but are discussed a bit in Appendix C.
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