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THE COMPLEX FOURIER SERIES AND THE FOURIER TRANSFORM;

We mentioned above that the Fourier Series (FS), while strictly not valid for
actual musical sounds, can be quite useful. This is because the ear has a limited
time constant, and as far as the ear is concerned, periodic tones may be as important
or more important than the starting and stopping associated with them. This is
obviously more true where tones are of long duration and slowly changing in their
parameters. Duration here is relative to the time constant of the ear, which is
something like 50 milliseconds (0.05 seconds, 1/20 of a second). Tones which are
in the same sense, relatively short, of from say 5 milliseconds to 100 milliseconds
are often treated better with the Fourier Transform (FT) technique. The FT will
tell us, for example, why a short burst of only a few cycles of a periodic waveform
will sound noisy, having a "click" associated with it. [The engineer may believes
that the "click" is a fault in his signal gating circuitry will spend a long time
indeed getting rid of it!]
There are two ways of approaching the FT. We could either just give you the
formulas, or we can take a path to it beginning with the FS, going to the complex
form of the FS, and then looking at the FT as a limiting process of the complex
FS.
We will take this second route, emphasizing those elements of the process which
may aid an intuitive grasp of the subject, and avoiding mathematical fine points
that are available elsewhere.
First it is necessary to derive the Complex FS (CSF) often called the
"exponential" FS for reasons that will become apparent from the formulas. The CFS
is really nothing more than a transformation of the ordinary or "trigonometric"
form of the FS, using the so-called "Euler Relationship." Euler is pronounced
"oiler" and the Euler relationship is:
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If these two equations are substituted into equation (2-1), it is not difficult to
carry through to a completely equivalent notation for the FS, the CFS:
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This form is obviously more compact than the trigonometric FS, although its
interpretation in terms of useful spectra is more difficult, although completely
equivalent to the ordinary FS. Our purpose here is in forming a two equation
form.
Here we have one description of the waveform f(t), and a second description
cn.
Note that cn is in general a complex number for a real function f(t).
We will now transform the CFS to the FT, using the time-honored technique of
"hand-waving", that is so popular with engineers, although scorned by mathematicians
who prefer more careful (more mathematically "rigorous") developments. The advantage
of the hand-waving is that it saves time and space, and that the most basic nature
of the transitions is not lost in details.
Thus we will show that the FT is a
sort of continuous FS. To do this we will make the period of the fundamental
approach infinity (thus the fundamental frequency approaches zero). With a
fundamental frequency approaching zero, the "harmonics" of this fundamental are

very closely spaced, and the frequency spectrum is essentially continuous. In making
the period of the waveform go to infinity, any waveform at all can be included
as long as it goes away at infinity, and it need not be periodic because there is
only one period.
The mathematical development we will use begins by inserting equation (2-31)
into equation (2-32), obtaining equation (2-33).
At the same time, we can replace
the period 2L with an equivalent frequency <DO - 2ir(l/2L) = ir/L, and this is inserted,
except at the limits of the integral:
(2-33)
an be rearranged slightly to get:
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Now we will go into the limiting process of letting L go to infinity. This has the
obvious effect of expanding the limits on the integral of equation (2-34), so that it
will integrate over all of f(t), periodic or not. Also, since L goes to infinity,
then ti>o = it/L goes to zero, and as L approaches infinity, we can say that ui0 approaches
do), where do> is the infinitesimal of calculus.
In the sense of the FS, du is the
fundamental frequency, and ndoi is a "harmonic." Since do> is so small, the harmonics
are essentially continuously spaced. [While do) is very small, n is already going
from -« to +», so ndu may be large.]
So what happens to the noj0 terms in the
exponentials of equation (2-34)?
First, w0 is replaced by du, and thus na)0 becomes
ndo). This is the frequency variable for the spectrum, and we can call ndto the
running frequency variable, and denote it by just ID. One last thing. With the
fundamental frequency becoming the infinitesimal db), the summation of equation (2-34)
becomes an integral.
Thus the four changes (L^°>, u0-»-du), nn>0-»-ii), and £-*•/) convert
equation (2-34) to equation (2-35) below:
f(t)
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If we call the integral in [ ] of equation (2-35) F(u), we can write equation (2-35)
as:
f(t) = ~ / FU)ejWtdw

(2-36)

F(u) = / f(t)e ^ dt
Equations (2-36) and (2-37) are the FT relationship we need.
Note what we have is
a set of equations which say given either f(t) or F(o>), we can obtain the other one.
We have two essentially equivalent descriptions of a waveform, one in terms of its
variation as a function of time, and one in terms of its spectrum (frequency content).
The symmetry between the two FT equations, (2-36) and (2-37) is evident. Probably
the most useful one for musical work is equation (2-37) which gives the spectrum.
Note that it tells us that given a function of time f(t), we can get the spectrum of
the entire thing, F(w) for all u, both positive a) and negative u. Perhaps the concept
of a negative frequency seems difficult if not impossible, as we are accustomed to
frequency starting at zero (DC) and then running upward.
In fact, the problems with
negative frequencies are largely mathematical, having to do with shifts of phase. We
can often ignore the sign of the frequency.
This is especially true of the case
where f(t) is a real function, and all physical signals such as we will encounter in
the lab or electronic music studio, etc., are real signals.
For real f(t), the
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magnitude of F(u>) is an even function.
That is, in general F(o>) is a complex
function, even when f(t) is entirely real, and being a complex number, it has a
magnitude and a phase. The magnitude is |F(u)| [and is given by the square root of
the product of F(ui) with its complex conjugate FA(u)], and is an even function.
We are largely concerned with the magnitude of the spectrum, since as we have
discussed above, the ear is not too concerned with phase. [The phase function of
a real f(t) is odd by the way.] Also, for musical purposes, we are largely concerned
with relative amplitudes, the "shape" of the spectrum. Thus the magnitude of F(u)
for positive u) will generally serve our purposes.
2.If

FOURIER TRANSFORM EXAMPLES^: BURSTS AND ENVELOPING:

In order to better understand the FT and the type of problem to which is may
be applied with useful musical results, we will look at an example. The example is
the problem of finding the FT of four cycles of a cosine waveform as shown in Fig.
2-38. Note that we can not apply the FS to this problem because the waveform is
not periodic from -« to +™, even though it is composed of a portion of a periodic
waveform. The FT could be applied to any waveform portion, a large number of cycles,
or a single cycle, or a portion of a cycle. It could also be applied to a portion
of a random signal (noise). The only requirement is really that the waveform goes
away except over a finite region, although in some cases, it is possible to get
around even this requirement.
Thus the waveform of Fig. 2-38 is somewhat typical
of the type of waveform to which we like to apply the FT. It is further suitable
from our musical point of view as four cycles of a waveform are a likely length
to occur entirely within the time constant of the ear. For example, four cycles at
440 Hz would take about 9 milliseconds (0.009 seconds), significantly shorter than
the time constant of the ear, which is on the order of 50 milliseconds. Thus we
would reasonably argue that the ear would treat the four cycle tone burst as a
single isolated item, just as the FT treats it.

Obtaining the FT of the tone burst is just

:ing equation (2-37).

2/f

where in' = 2irf , with f being the frequency of the tone burst cosine. The integral
is easily done using tables, and after simplification using the Euler relationships
[equations (2-29) and (2-30)], we achieve:
[Sin(4ir(u/a)') ]

(2-39)

Equation (2-39) gives us F(oi) as a function of ta, and of CD* which we take as a
constant or a known quantity here.
Happily, the equation turns out to be a real
number, so we avoid all difficulties with determining the magnitude of complex
numbers. [This need not and will not always happen.] It is also clear that F(u) is
an even function, being the product of two odd parts: Sin(4-nWu/) and to, as it should
be because f(t) is real and F(u) is its magnitude spectrum.
Thus we can just plot
F(u) for positive to, and this is shown in Fig. 2-39 (f - u'/Zir).
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Positive Side of Fourier Transform
of Tone Burst of Fig. 2-23

The spectrum of Fig. 2-39 is quite different from the types of spectra we found
using the FS. The FS spectra were line spectra or discrete spectra. This FT spectra
is continuous - it contains nearly all frequencies. If we wish, we can think of the
results of Fig. 2-39 as a guess or estimation made by the FT. Clearly it favors the
frequencies around f, which we know to be the frequency of the cosine segment. Yet
the frequency is not defined unless the cosine goes on forever in both negative and
positive time, so the FT is telling us that there is some uncertainty here. From
our human provincial viewpoint, it is easy to consider tone bursts such as that of
Fig. 2-38 as "really" being just a finite segment of what is "really" a cosine. We
are accustomed to working with finite segments, and we know that we would obtain
such a waveform for study by gating a much longer segment on and off. Indeed it is
hard to not think of Fig. 2-38 as being part of a cosine. Yet the FT makes no such
human assumptions.
It acts on what it is given.
It is telling us that perhaps it
is a cosine of frequency f, but to be more sure, it needs more information (more
cycles). Interestingly enough, if we do use a burst containing more cycles, the
peak around f will narrow. In the limit of an infinite number of cycles, we are
back to the FS and a single line at f.
This uncertainty in knowing the frequency
is the result of our using a finite sample of the waveform. This is exactly the same
thing as in physics where we have Heisenberg's "Uncertainty Principle." Such an
uncertainty occurs between any two variables related by the FT relationship. Here
we can estimate this uncertainty between frequency and time. We might take the

Af-At = (0.5f')-(4/f') - 2

(2-40)

The value of the constant,which this value must be less than, depends on the way we
define the uncertainty, and here the definition was somewhat arbitrary. Nonetheless,
typical values for various uncertainty criterion are: ir/2 = 1.57, 1, and 1/2 = 0.5
Clearly we are in the right ballpark.
The really important thing for us with regard to the spreading of the FT about
f and the uncertainty relationships is that the ear tends to see things the same way.
What happens when we form tone bursts using the general setup suggested in Fig. 2-40?
When the hurst is very short, containing only one cycle or less than one cycle, we
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hear only a single "click", and if we were
to examine the FT, we would see that it
was relatively flat, lacking peaks of
significance. If the timer's duration
Out to
we have just a hint of some pitch. When
Speaker
we achieve four full cycles, corresponding
to the case of Fig. 2-38 and Fig. 2-39, we
have what is still a very noisy click, but
there is a detectable pitch, which we could
match. However, it takes in excess of 30
cycles to get a well defined pitch in all case
ar pitch,
are getting
Yet when the duration of the timer is such tha
hav
to the point where the time constant of the ea
eded. For example 30 cycles
at 440 Hz is 68 milliseconds.
From this point on, the ear is essentially looking
back at the last 50 milliseconds or so.
Let's consider a long tone burst, say one
of 2 seconds, thus consisting of hundreds of cycles at least. The tone begins
abruptly when the timing signal goes high.
Five milliseconds into the tone, the
click associated with the rising edge of the burst is still part of the ear's overall
"impression" of what it is being presented with. Likewise 10 milliseconds in, and
20 milliseconds in. However, after a few hundred milliseconds, the click has been
forgotten by the ear. It is now listening to pure tone, and it will continue to
sound pure until the two seconds expire, and there will be another click as it turns
off.

determined by the FT over the previous 50 milliseconds, with some allowance made for
"gradual forgetting" so that previous information is released gradually, not abruptly.
Thus tones shorter than about 50 milliseconds are understood in terms of a FT model.
For longer tones, the "data" input to the ear must be "windowed" before the FT is
taken. That is, we might consider something like a
iangular function as in Fig. 2-41, where information
100%
received is weighted or deemphasized as it be
older, according to the height of the window functio
50 milliseconds old. This is an oversimplified
model, but it gives the general idea. This gradual
forgetting is important because if the window were
a rectangle, and if the 50 millisecond FT model were
completely valid, we would be constantly generating
a click due to the abrupt shutoff.

-50ins

The effect of windowing in reducing the noi'sy or broadband nature of spectra is
extremely important.
It has probably occurred to the reader that clicks at the
beginning and end of musical tones will not be appreciated. In synthesizing sounds,
we need to avoid or control these.
The way we do this is by windowing, or as it
is commonly called, enveloping. Instead of turning a tone on with a rectangular
control, as in Fig. 2-40, we use a signal that turns the tone on gradually, and
off gradually.
In order to better understand the effect of enveloping, we can compare the two
tone bursts shown in Fig. 2-42 and Fig. 2-43.
Fig. 2-42 consists of 10 cycles of a
cosine, and thus could be produced as in Fig. 2-40, which uses a rectangular control.
Fig. 2-43 also consists of 10 cycles, but this time it is turned on gradually and
off gradually.
The controlling function actually used here is another cosine, this
one of 1/20 the frequency of the controlled cosine.
Thus we are essentially
enveloping the original tone burst (Fig. 2-42) with a cosine (from -ir/2 to +ir/2)
to achieve Fig. 2-43. [The selection of the cosine as the controlling function is
done as a practical mathematical matter. The integral that is required for the FT
is in the tables for this envelope.
Such an envelope is not often found in music
synthesis, but the results are illustrative of most envelopes that are used. Perhaps
2-22

ing burst shapes.]

The factor of 1.2 added to Fig. 2-43 is added so that the

essentially the same procedure used for achieving equation (2-39) for the four-cycle
tone burst. [Equation (2-39) can be generalized to n cycles by replacing the 4 by n,
and multiplying the whole equation by Cos(mr) = (-l)n . ]
The FT of Fig. 2-43 is
achieved by evaluating the integral:
10TT

F(ui) = 1.2/Cos(t)Cos(t/20)e
-lOir

dt

This integral is not difficult because it is available in table. There is however
considerable "bookkeeping" involved, and these details need not be written down here.
Thus we can just go to the final results, and these are shown in Fig. 2-44 and Fig.
2-45.
[The results of these FT calculations are all real, even functions for F((o)
because we are using real f(t), and because we have chosen f(t) as an even function.
If f(t) were an odd function, F(tu) would be pure imaginary, but just as simple to
obtain the magnitude spectrum from. If f(t) has both odd and even parts, F(u) would
be complex, having a real and an imaginary part, and calculation of the magnitude
would involve a separate calculation. Hence we have taken the easy route.]
Before actually examining the FT's in detail, it might be useful for the reader
to consider the waveforms of Fig. 2-42 and Fig. 2-43 once more, and ask which one he
would assume to be the best representative of a signal with a well defined frequency.
Knowing that an infinite duration cosine has a single line in its spectrum, a
perfectly defined frequency, we might have a tendency to suppose that the finite
length cosine (Fig. 2-42) would be better than the enveloped cosine (Fig. 2-43). That
this assumption is not valid will become evident shortly.
Thus we will see that
simply chopping out a segment is messier than what looks like a worse distortion.

Fourier Transform of 10 Cycles of
Cos(t) from -lOir to +10ir, as Seen
in Fig. 2-42
[Note that Cos(t) = Cos(cjt) with o > = l ]
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Fourier Transform of 10 Cycles of
1.2-Cos(t).Cos(t/20) from -lOir to
+10ir, as seen in Fig. 2-43

In looking at these FT's, we can first compare Fi ;. 2-44, the FT of the 10 cycle
burst, Co Fig. 2-39, the FT of the 4 cycle burst.
It is clear that the addition
of the extra cycles results in a sharpening of the tra isform, and a concentration of
However, this improvement is
more energy in the region of the original frequency.
not as dramatic as the effect of enveloping, as can be seen by comparing Fig. 2-44
to Fig. 2-45.
While the main peak in the case of theenveloped waveform is a bit
.nd a concentration of
broader, the main effect is a reduction of the "sidelob
most of the ene '£'•
nd the original frequency.
Thus if we judge waveforms by
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how well they approximate a single frequency component, the enveloped waveform is
the clear winner, despite any intuition to the contrary we might have.
Thus the
mathematical effects of enveloping are seen in terms of a reduction of sidelobes
in the FT, and these enveloping and windowing techniques have important engineering
applications, as well as some musical ones which will concern us most.
From a perceptual point of view, the results seen in the FT's of Fig. 2-44 and
Pig. 2-45 are essentially the same as we might determine from listening tests.
Mainly, the click is largely gone, and as the click distracts less, the sense of
a strongly pitch and pleasant sounding musical-like tone is increased.
Thus we
find that enveloping of signals, rather than just gating them, is a must. Here we
have arrived at this conclusion based on listening test and mathematics. However,
The traditional, acoustic, mechanical instrument is subject to the laws of physics
Once such an instrument is excited, it does not just stop abruptly, but rather decays
gradually. We are accustomed to having our instrument sounds die slowly, both through
their own finite dissipation, and also through the decay of stored acoustical energy in
the listening environment through the process of reverberation. Thus we tend to
favor sounds that do not stop, but rather decay.
In our example, we had the tone build up gradually as well as decay gradually.
In general this is necessary, although the case with the start or "attack" is not so
clear as it is with the decay.
The reason is first that most attack times of
seconds, but attacks are quite rapid, except in a few instruments such as pipe organs
where the energy level of an air column in a pipe builds up gradually. Thus attacks
can be quite noisy, and this "noise" may be an important, although subconscious, part
of the musical sound.
The noisy attack can be due to turbulence, imperfect matching
plucking of strings or key clicks, or largely a result of a rapid turn on as we saw
in the mathematics of the tone bursts.
We cannot say that the noise associated
with a very rapid or instantaneous attack is desirable, but we can say that it does
Thus two distinct cases must be kept in mind.
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The difference is probably a matter

ADDITIONAL TRANSFORMS, NOTES, AMD REFERENCES:

The two "transforms" above, the FS and the FT are examples of mathematical
relationships that transform one description of a signal into another description.
In the case of the FS and the FT, the descriptions are in terms of waveforms in
time and spectra in frequency.
Thus we often speak of a time-domain description
and a frequency-domain description. There are many other mathematical transforms
that the musical engineer will encounter, and most of these are time/frequency
transforms. Here we will list some of these and give brief notes.
1. The DFT: The DFT is the Discrete Courier Transform. Basically it is a
numerical way of doing the FT. Note that the usual way of doing the FT is to first
solve the integral, and then plug in values of frequency ID. In cases where the
integral is very difficult, it may be necessary to start with the value of ID, and do
the integral numerically.
It may also be desirable to do the integral numerically
even when we could do the integral, but instead want to do it automatically, without
setup, or in real time as with a spectrum analyzer.
Basically, the DFT just uses
a summation of portions approximating the integral, where samples of f(t) are taken
at intervals T:
FCu) =

I

f(nT)e"jna)T

(2-42)

The similarity of the inverse DFT, which is derived from equation (2-36) just as
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equation (2-42) was derived from equation (2-37), to the CFS [equation (2-31)] should
not be missed.
The difference is mainly that in the CFS, the frequency components
(nir/L) are assumed to be harmonics of a fundamental frequency actually contained in
f(t). In the DFT, the components are arbitrary, probably more closely spaced, and can
be thought of as trial components.
Also, the summation of equation (2-42) is from
-05 to +<», and clearly any practical numerical calculations must be between finite
limits. Typically therefore, the limits on the summation are changed from -™ to 0,
and from 4<« to N, where the time axis of f(t) is changed so that f (t) is zero or
very small before time zero, and so that N is such that f(t) is zero of very small
after time NT.
Some care in setup and/or interpretation is usually necessary when
using a DFT as a spectrum analysis method.
2
- The FFT:
The DFT as described above requires N2 multiplications and N2
additions. Thus the amount of computation required rises rapidly with N, and we
generally want N large for sufficient spectral resolution.
The FFT is the £ast
Courier Transform but should probably be called a Fast DFT, since it does the DFT
and not the FT.
In any case, the FFT is the way to do the DFT in a practical case.
It is an algorithm that reduces the number of computations from order N2 to order
N LoggN, which is a very significant savings for large N.
The FFT is commonly seen
in textbooks and is recognized by its characteristic "butterfly" flow graph patterns.

3. The Laplace Transform (LT) : The LT ranks up with the FT in importance for
engineering work. The LT and the FT are really quite similar, and some would argue
that one or the other is a generalization or special case of the remaining one.
In most cases, it is the similarity that should be stressed. The usual expression
for the LT is as follows:
(2-43)
F(s) = /f(t) e~Stdt
0
where s is a "complex frequency" given by s = a + jiu, where w is our ordinary
angular frequency, and a is part of complex frequency associated with wavefor
growth or decay in time.
In most cases in musical engineering, we will have
little occasion to use equation (2-43), but many occasions in filter theory to
st of which were worked out long ago
useful properties between LT pairs, all or
and pretty much taken for granted in filter theory.
4. The^ Z-Transform (ZT) : The ZT plays the exact same role in the discrete
time filter case that the LT does in the continuous time filter case. Thus we us
the LT and the s-plane notation in active filters (including voltage-controlled
filters), and the ZT and the z-plane for digital filters (including many structures
formed from analog delay lines as well). The complex frequency "z" is thus a
frequency corresponding to a discrete time nr, where T is a sampling interval.
5
- The Chirp_ Z-Transform (CZT) : A special form of DFT, useful in the case
where certain transversal filter "chirp filters" are available to form a useful
real-time spectrum analyzer.

6. The Walsh Transform (WT) : Walsh functions are a set of functions which
are all rectangular in shape, and which, like sines and cosines, can be used to
analyze waveforms. Because Walsh functions have changes of value only at discrete
points in time, any sum of Walsh functions must be discrete as well. Thus Walsh
functions, unlike sines and cosines, can represent a discrete function exactly
with a finite sum of functions. On the other hand, Walsh functions can only form
a discrete approximation to a non-discrete function (such as a stepped approximation
to a sine wave) . Because Walsh functions are discrete, the WT is really perhaps
better called a Walsh Fourier Series (WFS) .
1
'• The Hadamard Transform (HT) : The HT is a fast ay of doing the WT
WFS, and has a butterfly structure similar to the FFT.

The Hilbert Tra
(HBT) : The HBT, unlike all the transforms ab
not a frequency/time transf
but instead relates real and imaginary parts
analytic functions, and HBT's are
lated to 90° Phase Shift Networks.

The large number of transforms that the musical engineer is likely to encounter
will perhaps at times lead to some confusion.
One important realization that will
help out is that there are probably a lot more similarity among the transforms than
there are differences. This is because of certain properties that exist between
time and frequency descriptions.
These will be outlined in more detail in Appendix
B, so here we will just give brief descriptions. We will be giving these properties
in terms of the FT, but similar relations are usually found with other transforms.
the FT is that it can be used to reduce a convolution to a much simpler multiplication.
The usual statement is "Convolution in the time domain is equivalent to multiplication in the frequency domain." The reverse statement is "Multiplication in the time
these relationships must be understood. For one thing, convolution can be transferred
to the frequency domain; waveforms in time are thus treated in the frequency domain by
using their FT's, which are usually tabulated functions. For another thing, if we
have an actual multiplication in time (or if a signal can be represented as the product
of two known signals with known spectra) then the spectrum of the time signal can be
had by convolving known spectra in the frequency domain.
Delay Property: If we know the FT of a time signal, the FT of that signal
delayed by a time t0 is just the original transform multiplied by e~Jmt:o. This is
useful directly, and as a means of finding the FT of signals that can be written as
the sum of time signals with known FT's and of delayed versions of these same
functions. Eventually, this "delay operator" becomes the famous z~l of discrete time
(digital) filter theory.
A similar frequency shift property also exists.
System Function / Impulse Function: A linear system can be described in terms of
its time response (impulse response) or in terms of its system function (basically a
frequency response). The FT of the impulse response h(t) is the system function H(u>).
In the time domain, the input to the system is convolved with the impulse response.
This means that in the frequency domain, the FT of the input is multiplied by the
system function. Put another way, what this says is that to get the output of a filter,
you first find the spectrum of the input, and multiply this by the frequency response
of the filter.
This leads us nicely to filters, which is the next topic of this book.
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